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Abstract—An effective shared control strategy plays a crucial
role in assisting drivers during hazardous situations in human-
machine cooperative driving. This study introduces an author-
ity allocation strategy for shared control based on collision
risk assessment in a long-term maneuver. Initially, maneuvers
are categorized by lanes, which can properly represent lane-
based driving characteristics in real-world driving conditions.
Subsequently, multiple lane models are built to combine with
interactive multiple models to compute target lane probabilities.
The target lane probabilities indicate the likelihood of a vehi-
cle moving toward or remaining in each lane, determined by
its lateral position in curvilinear coordinates. Finally, collision
risk is evaluated through the integration of model probability
distribution of lanes and artificial potential field value between a
pair of predicted trajectories. Intuitively, the driver’s authority is
directly correlated with the collision risk, so authorities between
the driver and the machine are determined by the collision risk
through a piecewise proportional function. The effectiveness of
the proposed algorithm is verified using the Carla simulator in
a cut-in scenario.

Index Terms—Risk assessment, Artificial Potential Field, Au-
thority Allocation Strategy, Shared Control

I. INTRODUCTION

Constrained by technical bottlenecks and ethical dilemmas,

autonomous driving in arbitrarily open, complex, and unstruc-

tured environment is deemed as an unattainable goal in the

foreseeable future [1] [2]. To address this, driver-machine

cooperation, leveraging the strengths of both entities, offers a

viable solution. Shared control, as a primary form of human-

machine cooperative driving, entails simultaneous involvement

of the driver and the machine in controlling vehicle [3].

Research in shared control primarily focuses on devising

strategies that allocate the driving authorities between the

driver and the machine under ever-changing driving circum-

stances. Some studies opt to design strategies based on the

monitored state of the driver (e.g., fatigue and distraction
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levels), despite the tenuous link between the driver’s status

and driving performance efficiency [4].

Another category of authority allocation strategy involves

evaluating collision risk between the ego vehicle and sur-

rounding vehicles. Various studies adopt Artificial Potential

Field(APF) [5] [6] and Time-To-X (TTX) metrics, such as

Time-To-Collision (TTC), Time-To-React (TTR) or Time-To-

Steer (TTS) [7] [8] to assess collision risk and determine

authority allocation strategy. However, above deterministic

approaches which employ simplified future prediction mod-

els like Constant Yaw Rate and Acceleration (CYRA), are

only used effectively in a short time and have not enough

foresight to handle uncertainty in long-term motion prediction

due to their simplistic nature. To model uncertainty in long-

term motion prediction, methods focusing on maneuver-based

trajectory prediction are proposed, since the evolution over a

long time is much stronger influenced by the intentions, moti-

vations, and goals of all traffic participants. These approaches

categorize driving behaviors into different maneuvers and

then generate trajectories aligned with corresponding identified

maneuvers based on reasonable assumptions. Although there

are attempts to model the uncertainty based on Gaussian distri-

bution through random sampling [9], these methods overlook

critical factors such as road geometry and lane-based driving

characteristics, and thus cannot properly represent the motion

uncertainties in real-world driving conditions.

Therefore, in this study, we propose multiple lane mod-

els which consider factors like road geometry, constraints

in vehicle dynamics and lane-based driving characteristics

in collision risk assessment during a long-term maneuver.

More specifically, multiple lane models are based on lane-

based maneuver where the vehicle gradually approaches the

centerline of the target lane with small variation, as excessive

lateral velocity can cause the vehicle to roll over. In contrast

with the existing collision risk assessment established upon

current situation or linear assumption of future trajectories,

the future motion uncertainty over a longer time horizon is

modeled with respect to long-term lane-based maneuvers and

the corresponding probability distribution. Using multiple lane

models, lane-based probabilistic maneuver prediction of sur-

rounding vehicles and ego vehicle are computed by Interactive

Multiple Models (IMM), followed by trajectory generation of

each vehicle using quintic polynomial. Finally, the collision

risk is assessed by the use of both an Artificial Potential Field

(APF) value between two trajectories (ego and surrounding
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Fig. 1: The diagram of three coordinates.

vehicle trajectories) and the probability distribution of lane

model.

This paper is structured as follows. Section II introduces

curvilinear coordinates to describe road geometry and vehicle

dynamics. Section III models the lane-based maneuvers and

gives a trajectory generation method. Section IV details the

authority allocation strategy based on collision risk and in-

volves directly combining commands from the driver and the

machine based on their respective levels of authority in shared

control. Section V presents a simulation of a cut-in scenario

to demonstrate the effectiveness of the proposed method.

II. PRELIMINARY

A. Curvilinear Coordinates

The trajectories in this study are analyzed based on curvilin-

ear coordinates, which are better suited for describing vehicle

positions on roads with varying curvatures. The curvilinear co-

ordinates are established in accordance with the road geometry.

As Fig. 1 shows, the generation of trajectories is related to the

conversion between three types of coordinate systems, global

cartesian coordinate (X,Y ), curvilinear coordinate (s, n), and

vehicle body cartesian coordinate systems (x, y). In the curvi-

linear coordinate, this reference curve is regarded as s-axis,

and the lateral offset from the reference curve is regarded as

n-axis.

B. Vehicle Dynamics

Inspired by [10], we use a nonlinear bicycle model to

describe the dynamics of vehicle. As Fig. 2 shows, applying

Newtons Second Law to longitudinal, lateral, and yaw degrees

of freedom, the following set of differential equations are given

in
mẍ = mψ̇ẏ + 2 (Fx,f + Fx,r) ,

mÿ = −mψ̇ẋ+ 2 (Fy,f + Fy,r) ,

Izψ̈ = 2 (lfFy,f − lrFy,r) ,

(1)

where the states ẋ,ẏ and ψ̇ denote the longitudinal and lateral

velocity of vehicle body axes and the angular velocity about z-

axis. The parameters of the vehicle model are mass m,moment

Fig. 2: The diagram of vehicle dynamics.

of inertia lz and distances from the centre of gravity to front

and rear axles, denoted as lf and lr, respectively. The tyre

forces acting on the vehicle body axes are denoted as Fi,j ,

where the first subscript i ∈ {x, y} describes the vehicle body

axes (i.e. longitudinal, lateral) and the second subscript j ∈
{f, r} describes the tyre (i.e. front and rear). Using δf denotes

the steering angle of the front tyres, then we can derive

Fy,f = F1,f sin(δf ) + Fc,f cos(δf ), Fy,r = Fc,r,

Fx,f = Fl,f cos(δf )− Fc,f sin(δf ), Fx,r = Fl,r,
(2)

where the tyre forces acting on tyre axes are denoted as Fi′,j′ .

The first subscript i′ ∈ {l, c} describes the tyre axes (i.e.

longitudinal, lateral) and the second subscript j′ ∈ {f, r}
describes the tyre (i.e. front and rear). We define the following

lateral tyre forces which are proportional to the slip angles in

the linear region as

Fc,j′ = −Cαj′αj′ , j′ ∈ {f, r}, (3)

where Cαf
and Cαr denote the cornering stiffnesses of the

front and rear tyres, respectively. And approximating the slip

angles as

αf =
ẏ + lf ψ̇

ẋ
− δf , αr =

ẏ − lrψ̇

ẋ
. (4)

We consider a front steerable vehicle and can derive as

Fl,f =
1

2
max, Fl,r = 0, (5)

where ax denotes acceleration command generated by throttle

and brake.

The conversion from (x, y) to (X,Y ) is described by

Ẋ = ẋ cosψ − ẏ sinψ,

Ẏ = ẋ sinψ + ẏ cosψ.
(6)

We augment and discretize (1)-(6) by using a forward dif-

ference method at a fixed sampling time, which is compactly

written as

χ(k + 1) = f(χ(k), u(k)), (7)

where χ = [ẋ, ẏ, ψ, ψ̇,X, Y ], and u = [ax, δf ].
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III. LANE-BASED TRAJECTORY PREDICTION

In this section, the uncertain future maneuvers of the ego

vehicle and surrounding vehicles are modeled by using the

Interacting Multiple Models (IMM) framework, a probabilistic

model for estimating a multi-modal behavior of vehicles

[11] [12]. Compared to cartesian coordinates, the proposed

method formulates vehicle trajectories in curvilinear coordi-

nates, which is more appropriate for handling road geometry

and constraints.

A. Maneuver Recognition Based on IMM

We divide maneuvers into lane keeping, lane change, lane

double change, and so on according to the number of lanes.

The details on maneuver recognition based on IMM are as

follows.

Assuming Tij = P (Lj
k+1|Li

k) denotes the transition prob-

ability which represents the probability of the transition from

lane i in prediction time k to lane j in prediction time k+ 1.

1) Interacting(Mixing): In mixing phase, the mixed lateral

offset n∗j
k+1|k and covariance Σ∗j

k+1|k are computed by mixing

lane model ni
k and their respective fusion coefficients μ

i|j
k

n∗j
k+1|k =

∑
i

ni
k · μi|j

k+1|k, (8)

Σ∗j
k+1|k =

∑
i

μ
i|j
k+1|k

(
Σi

k +
(
ni
k − n∗j

k

)(
ni
k − n∗j

k

)T
)
,

(9)

where

μ̂j
k+1|k =

∑
i

Tij · μi
k, (10)

and

μ
i|j
k+1|k =

Tij · μi
k

μ̂j
k+1|k

. (11)

2) Prediction Model: To describe the nature that the vehicle

gradually approaches the centerline of lanes, meanwhile the

lateral velocity cannot be too large due to constraints in vehicle

dynamics, the lateral offset of the vehicle n along the road

is modeled by an intuitively parameterizable, continuous-time

Ornstein-Uhlenbeck process [13] described by the following

differential equation

Δṅi = −βΔni + wn, β > 0, (12)

where Δni = ni − n̄i represents the relative vehicle’s lateral

offset to target position n̄i for lane i, as shown in Fig. 3,

n̄i ∼ N(n̄l, σ
2
w) denotes Gaussian distribution with respect

to the lateral offset of target lane centerline n̄l in curvilinear

coordinates. wn ∼ N
(
0, σ2

w

)
, where σ2

w is set as (WL/4)
2

to cover deviation from the center of the lane by two-sigma

variance, which represents the uncertainty in road geometry.

Here, WL is the width of each lane, and maneuver time con-

stant Tc = 1/β. Since Tc is uncertain in different maneuvers,

so each lane-based maneuver is actually composed of a set of

trajectories shown in Fig. 3. The process (12) is discretized via

Fig. 3: Multiple lane models with respect to the lateral offsets

in curvilinear coordinates for the case of three lanes on the

road.

zero-order holdere, the final multiple lane models are written

in

ni
k+1−n̄i

k = e−βt(ni
k−n̄i

k)+(1−e−βt)wn, ∀ i ∈ (1, 2..., Nl) ,
(13)

where t denotes prediction time, Nl is the number of lanes.

3) Model Probability Update: After the prediction step,

each lane model probability is updated based on the residual

term z̃ik+1 and its covariance Si
k+1 at time k + 1

z̃ik+1 = zk+1 − ni
k+1, (14)

Si
k+1 = P i

k+1 +N i
k+1, (15)

where R ∼ N(0, σ2
q ) is the zero-mean white Gaussian mea-

surement noise. The likelihood function of the observation Lk

is assumed to be a Gaussian probability density function (PDF)

as shown in

Li
k+1 =

exp
[
− 1

2

(
z̃ik+1

)T (
Si
k+1

)−1
z̃ik+1

]
√
(2π)dim(z)

∣∣Si
k+1

∣∣ . (16)

Then we can get the model probability for each model

μi
k+1 =

μ̂i
k+1|kL

i
k+1∑

j μ̂
j
k+1|kL

j
k+1

. (17)

B. Trajectory Prediction Based on Quintic Polynomial

After calculating the model probability distribution of lanes,

future trajectories of the ego vehicle and surrounding vehicles

are generated towards the centerline of each lane. Based on the

minimum jerk principle to guarantee comfortable motion [14],

trajectories shown in Fig. 4 are generated by using a quintic

polynomial as a basis function in the curvilinear coordinates

as

n = f(s) = a0 + a1s+ a2s
2 + a3s

3 + a4s
4 + a5s

5, (18)

where ai, i = 1, 2, ..., 5 are calculated by following conditions

n(0) = ns
dn(0)

ds
= ṅs

d2n(0)

ds2
= n̈s,

n (se) = ne
dn (se)

ds
= 0

d2n(0)

ds2
= 0,

(19)
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Fig. 4: Trajectory prediction of a vehicle with corresponding

model probabilities of road lanes.

where ns and ne are the start and end lateral offsets from the

road centerline with respect to the arc length s. Here, ne is the

center position of each lane to represent each lane maneuver.

ṅ and n̈ are the lateral velocity and the lateral acceleration in

curvilinear coordinates, respectively. The longitudinal motion

is modeled as the constant acceleration model regarding time

se = v0 +
1

2
at2. (20)

IV. SHARED CONTROL

In this section, collision risk of driver’s intended maneuver

is computed by incorporating artificial potential field (APF)

for a pair of generated trajectories and model probabilities of

each lane in Section III.

A. Collision Risk Assessment

The repulsive potential U(x, y) between a position (x, y)
in the ego vehicle’s trajectory and a position (xs, ys) in

the surrounding vehicle’s trajectory at prediction time t is

computed by

U(x, y) = exp(− (x− xs)
2

σ2
x

− (y − ys)
2

σ2
y

). (21)

The repulsive potential between a driver’s intended trajec-

tory Γd and a predicted trajectory of an ith surrounding ob-

stacle’s trajectory Γsi is heuristically summed into a collision

risk metric by adding up the repulsive potential of points in

Γd and Γsi at corresponding time t as in

R (Csi | Γd, Γsi) =
1

Np

∑
(x, y) ∈ Γd

(xs, ys) ∈ Γsi

U (x, y), (22)

where Np denotes the number of discrete points in a trajectory.

Then, the collision risk of the ego vehicle with an ith

surrounding vehicle is computed by considering the model

probability of each lane as in

R(Csi) =
∑

mk,mj∈M
P (mj)P (mk)R (Csi | Γd(mj), Γsi(mk)) ,

(23)

where P (mj) and P (mk) are the lane-based maneuver prob-

ability distribution of the ego vehicle and the ith surrounding

vehicle, respectively. M is the set of maneuvers. Finally, the

Fig. 5: The diagram of a cut-in scenario in Carla simulator

where the red car represents the ego vehicle, with a black car

on the left lane attempting to cut in due to the slow-moving

white car ahead.

collision risk of the driver’s intended trajectory for multiple

vehicle scenarios can be calculated by

R (C) =

Ns⋃
i=1

R (Csi) = 1−
Ns∏
i=1

(1−R (Csi | Γd)) , (24)

where Ns is the number of surrounding vehicles. This value

represents the risk possibility that a collision occurs with one

of surrounding vehicles when the ego vehicle moves along to

driver’s intended trajectory.

B. Authority Allocation

Obviously, when collision risk R (C) increases, driver’s

authority should decrease for the sake of safety. Therefore, the

mapping between the evaluated collision risk and the weight

factor of driving authority is established with

λ =

⎧⎪⎨
⎪⎩
1 R (C) < RL

th,

κR(C) + b RL
th ≤ R (C) ≤ RH

th,

0 R (C) > RH
th,

(25)

where κ = 1/(RL
th − RH

th), b = RL
th/(R

H
th − RL

th). R
L
th and

RH
th are the low risk threshold and high risk threshold relating

to the driver’s style in safety risk, respectively. A higher RH
th

and lower RL
th signify more aggressive driver behavior and

less willingness to be intervened by the machine.

C. Shared Control

The final input command is a blend of a driver’s input and

the machine’s input directly, denoted as

u(k) = λud(k) + (1− λ)um(k), (26)

where u(k) refers to the shared steering input which functions

as the input of vehicle dynamics in (7). ud(k) and um(k) are

the machine’s input and the driver’s input, respectively.

V. SIMULATIONS

In this section, to verify the effectiveness of the proposed

shared control authority allocation strategy, human-machine

cooperative driving experiments on a cut-in scenario is con-

ducted using Carla simulator as shown in Fig. 5 where multiple

surrounding vehicles are driving on a multi-lane highway road.

Parameters of the vehicle dynamics model are presented in

Table I.
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TABLE I: Vehicle Dynamics Parameters

Parameter Value

Vehicle mass m (kg) 1720
Length * Width * Height (m) 4.000 * 2.000 * 1.725

Distance from the center of mass to
the front axle lf (m)

1.230

Distance from the center of mass to
the rear axis lr (m)

1.470

Yaw inertia Iz (kg2· m2) 4175
Cornering stiffness of front tires

Cαf (N · rad−1)
66900

Cornering stiffness of rear tires
Cαr (N · rad−1)

62700

In order to simulate dangerous driving situations that re-

quire human-machine cooperation, the following conditions

are considered in the given cut-in scenario as shown in Fig.

5. The ego vehicle is traveling at approximately 24 m/s, the

vehicle in the left lane referred to as vehicle 1 cuts in front of

the ego vehicle at a distance of 5m at a slightly faster speed

due to the slow-moving vehicle ahead referred to as vehicle

2, however, the longitudinal velocity of the vehicle 1 is lower

than that of the ego vehicle due to the lane change maneuver,

posing a collision risk if the driver of ego vehicle does not

take any evasive action. Unfortunately, the driver is distracted

by fatigue and fails to notice the cut-in vehicle, continuing to

move forward without any brakes.

Fig. 6(a)(b)(c) illustrates lane probabilities of each vehicle

computed by IMM method with multiple lane models. It is

evident from the figures that both the ego vehicle and vehicle

2 exhibit a high tendency to stay within their respective lanes

as shown in Fig. 6(a) and Fig. 6(c), while vehicle 1 starts a

lane change around 1.2 seconds, completing the maneuver by

approximately 2.8 seconds as shown in Fig. 6(b).

Another shared controller which adopts the APF-based risk

assessment strategy based on CYRA assumption of future

trajectory is built as a comparison to validate the effectiveness

of the proposed lane-based risk assessment strategy. For the

sake of clarity in simulation, we refer to our above approach

as the Lane-Based APF (LBAPF)-based shared controller. As

Fig. 6(f) shown, compared to the driver’s constant velocity,

LBAPF-based shared controller and APF-based shared con-

troller make a brake and decrease speed to avoid collision.

However, the APF-based shared controller exhibits a slower

risk perception response compared to the LBAPF-based shared

controller as shown in Fig. 6(d), leading to higher risk where

the highest risk exceeds 0.2. The delayed risk perception

further results in a delayed invention by the machine to correct

the driver’s wrong behavior as shown in Fig. 6(e).

To further explore the consequences of delayed response,

the position distribution of the ego vehicle controlled by the

careless driver, APF-based shared controller and LBAPF-based

shared controller, along with the probability distribution of

lanes for each vehicle, are plotted. Two critical time points,

2.1 seconds and 2.6 seconds, represent the corresponding time

points at the highest collision risk point in LBAPF-based

shared controller and APF-based shared controller respec-

(a) (b)

(c) (d)

(e) (f)

Fig. 6: Figures (a), (b) and (c) represent the target lane

probability of ego vehicle controlled by driver, vehicle 1, and

vehicle 2 changing over time, respectively. While figures (d),

(e) and (f) illustrate risk, allocation authority weight factor,

and vehicle velocity changing over time, respectively.

tively. As Fig. 7(a)(b) shows, at 2.1 seconds, the IMM detects

a clear lane change by vehicle 1, but the ego vehicle controlled

by APF-based shared controller seems to just realize it, only

keeping a little distance away from the cut-in vehicle. As

shown in Fig. 7(c)(d), the IMM displays a higher confidence in

the lane change behavior of the cut-in vehicle at 2.6 seconds,

with the LBAPF-based shared controller already maintaining

a safe distance from vehicle 1. Conversely, the APF-based

shared controller collides with vehicle 1 by this point. The

contrasting outcomes highlight the limitations of the APF-

based shared controller in mitigating uncertainties in long-

term trajectory prediction, leading to delayed responses and

increased collision risk. In contrast, the LBAPF-based shared

controller, which integrates future motion uncertainty in the

context of road lanes, provides the ego vehicle with sufficient

time to react to hazardous scenarios.
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(a) (b)

(c) (d)

Fig. 7: Figures (a) and (b) illustrate the relative position of

the ego vehicle controlled by the driver, APF-based shared

controller and lane-based APF shared controller, along with

the probability distribution of lanes computed by IMM method

for each vehicle at 2.1 seconds. Figures (c) and (d) depict the

same information at 2.6 seconds.

VI. CONCLUSIONS

In this paper, we introduce a lane-based authority allocation

strategy for shared control in human-machine cooperative

driving, which is founded on collision risk assessment with

surrounding vehicles. The long-term collision risk prediction

derives from probabilistic target lane predictions applying the

IMM approach, which assists the driver of the ego vehicle

by providing sufficient time to react to various complex haz-

ardous scenarios. More specifically, the algorithm incorporates

future motion uncertainty within the context of road lanes,

allowing for the natural integration of road geometry. It is

worth noting that the driver’s authority is directly correlated

with the collision risk faced by the driver from surrounding

vehicles. Consequently, the final authority allocation strategy

is determined by the collision risk through the utilization of a

piecewise proportional function.
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